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Abstract—We consider monochromatic electromagnetic beams of 

surface plasmon-polaritons created at interfaces between dielectric 

media and metals. We theoretically study non-coherent superpositions 

of elementary surface waves and discuss their spectral degree of 

polarization, Stokes parameters, and the form of the spectral coherence 

matrix. We compare the polarization properties of the surface plasmons-

polaritons as three-dimensional and two-dimensional fields concluding 

that the latter is superior. 

 

 

Physics of electromagnetic beams has gained 

considerable attention owing to recent advances in the 

study of the Airy beams, Bessel beams, Bessel-Gauss 

beams, etc.[1]-[4]. Any of these beams can be formed 

using coherent superposition of elementary waves, e.g., 

plane waves. When elementary waves are not coherent, 

the beams are characterized by the Stokes parameters and 

the degree of polarization. These parameters can be 

conveniently combined in the coherence matrix [5]. If an 

electromagnetic field has no direction of propagation, i.e. 

it is not a beam, the elementary waves propagate in 

various random directions in the three-dimensional space. 

Such three-dimensional fields (like thermal fields) are 

described by the generalized coherence matrix and degree 

of polarization [6]-[8]. These fields exactly are assumed 

to be excitation sources for the surface waves in the 

current investigation. 

Localized surface plasmon-polariton (SPP) beams are 

not very special objects. Similarly to optical beams, they 

can be generated as Bessel and Airy plasmonic beams 

[11], [12]. That is why we can expect that the non-

coherent superposition of the surface waves should be put 

forth. In the previous works [9], [10] the spatial coherence 

and polarization properties of the SPP fields were 

discussed for some specific cases. 

We use the tensorial generalization of the coherence 

matrix for statistically stationary fields, which is called a 

light beam tensor Φ [13]-[15]. Hermitian conjugated 

tensor Φ (Φ
+
= Φ) in the coordinate-free notations, which 

ignore setting a specific coordinate system, is: 
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where dyad ba  is the direct (Kronecker) product of 

vectors a and b, E
(s)

 is the electric field of an elementary 

wave, the asterisk denotes complex conjugate. When the 

elementary non-coherent plane waves propagate in the 

direction of unit vector n, the orthogonal condition 

E
(s)

n=0 brings us to the two-dimensional beam tensor Φ 

restricted by Φn=nΦ=0, where the contraction of tensor Φ 

with vector n is assumed. Then the tensor has two non-

zero eigenvalues λ1 and λ2 and can be presented as 
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where nn1uuuuI  2211
 is the projector 

onto the plane perpendicular to vector n, u1 and u2 are the 

in-plane normalized eigenvectors such that |u1|=|u2|=1. 

The first and second terms in the right-hand side of 

equation (2) correspond to the completely polarized and 

unpolarized parts, respectively. 

In general, the field has no definite propagation 

direction and can be treated as three-dimensional one. It is 

sufficient for our purposes to consider light as a 

superposition of completely polarized light with the three-

dimensional complex vector u1 and three-dimensionally 

unpolarized field proportional to the 3D identity tensor 1 

(more general description is presented in Refs. [6]-[8]). 

Thus one introduces  
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Let us move to the SPPs now. When the boundary 

conditions for a plane wave incident onto the metal-

dielectric interface are satisfied, there appear electron 

oscillations in the metal and a surface electromagnetic 

wave coupled to these collective oscillations (Fig. 1). The 

wave is called SPP [16]. It is well localized at the 

interface and can be described in the dielectric medium as 
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where A is the complex amplitude of the wave, R is the 

radius-vector at the metal-dielectric interface, ez is the unit 

vector normal to the interface, k0=ω/c is the wavenumber 

in vacuum, )/(0 mdmdp kk   is the wavenumber of 

a surface wave, 
dpd kk  2

0

2 , εd and εm are complex 

dielectric permittivities of the dielectric material and 

metal, kp=kpm, and m is a real vector defining the 

direction of propagation of an elementary wave. If one 

knows the wavevectors of the elementary waves (e.g., all 

plane waves propagate along vector n), the surface waves 

are completely polarized even for the unpolarized 

excitation source: only TM-modes with the same 

wavenumbers kp are possible. 

 
Fig. 1. Non-coherent SPPs excited in random directions at the metal-

dielectric interface z=0. 

The situation changes when the elementary waves of the 

excitation field propagate in random directions. Then the 

surface wavenumbers kp
(s)

=kpm
(s)

=kp(cosψ
(s)

ex+sinψ
(s)

ey) 

differ for distinct elementary waves. Spectral light beam 

tensor is of the form 
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Tensor pl

3  is not arbitrary as additional restrictions are 

imposed on the components. The beam tensor at the 

metal-dielectric interface (x, y)  
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is obviously real-valued, i.e. .)( *

22

plpl   Here 

zzz ee1I   is the projector onto the metal-dielectric 

interface. The non-diagonal components are imaginary, 

that is *

,3,3 )()( yx

pl

zyx

pl

z eeee  . Then the spectral beam 

tensor (3) for the plasmon-polaritons takes the form 
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where a=axex+ayey and α are real quantities. Complex 

vector a+iαez is the eigenvector of pl

3  normalized by the 

unity, thus a
2
+α

2
=1. The three-dimensional plasmonic 

beam tensor (7) is fully defined by four independent real-

valued parameters: λ1, λ2, ax, and ay. Therefore, the 

polarization of the plasmonic beam is defined by four 

Stokes parameters: 
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They look as conventional Stokes parameters, but S3 is 

out of the metal-dielectric interface (x, y). The three-

dimensional spectral degree of polarization is the ratio of 

the intensity of completely polarized light and the whole 

intensity of the localized field. For the three-dimensional 

field, the degree of polarization takes the form [6]-[8] 
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where the light beam tensor invariants equal 
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Treating SPPs as three-dimensional fields can be 

excessive, because the z-components in vectors b
(s)

 are not 

fluctuating. Therefore, the wave field can be 

unambiguously reduced to the two-dimensional field with 

either electric or magnetic field at the metal-dielectric 

surface (x, y). Non-coherent SPP field has no specific 

direction, hence, electric (magnetic) field is not directed 

along the x (y) axis, but covers various directions in the 

metal-dielectric plane. Moreover, in this case the spectral 

beam tensor of the two-dimensional field depends on the 

shape of the interface (planar, cylindrical, or spherical), 

what is quite natural. The two-dimensional plasmonic 
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beam tensor (6) for the planar interface is real and, 

therefore, has the form 

,)( 2212 z

pl
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where aIz=Iza=a=axex+ayey, a
2
=1. There are only 3 

independent quantities in equation (10): λ1, λ2, and ax. 

Thus, one can introduce three Stokes parameters in the 

plane (x, y): 
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The forth Stokes parameter S3 (spin angular momentum) 

is identically equal to zero for elementary SPP waves, 

because the electric fields are radially directed (along 

different radii m
(s)

).  

The spectral degree of polarization of the two-

dimensional field is calculated using the well-known 

relationship   1)(/))((2
2

2

2

22  plpl TrTrP , where the 

invariants of the coherence matrix (6) are determined by 
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When all non-coherent elementary surface waves 

propagate in the same direction (m
(s)

=m), the spectral 

light beam tensor 
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is proportional to the dyad *
bb , which indicates that 

the plasmonic beam is completely polarized. This means 

that the partially polarized beam excites fully polarized 

SPPs. 

At the circular interface of a fiber, localized waves can 

emerge as the waveguide modes characterized by the 

propagation constant β and azimuthal number ν. These 

quantities are the analog of the wavevector for planar 

geometry. Remembering that the partially polarized 

plasmons at the metal-dielectric interface appear only 

owing to the distinct directions of the wavevectors, we 

can suppose that the circular plasmons arise due to the 

random azimuthal numbers ν. Thus the electric field of 

the s-th elementary wave could be presented in the form  
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where e
(s)

(ν
(s)

) is the polarization vector of the excited 

mode ν
(s)

. The polarization vector can be symbolically 

written in terms of  the cylindrical impedance tensors 

[17] of the core and cladding, Γco and Γcl, as 

  ppe
)()()()()( ˆ ss

co

s

cl

s

cl

s  , where p is an arbitrary 

vector (   0)()(  p
s
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s

cl
). The two-dimensional 

plasmonic beam tensor is constructed of the electric 

fields projected onto the fiber interface:  
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where 
rrr ee1I  . When all surface waves have the 

same azimuthal number ν
(s)

= ν, the introduced tensor 
)(ˆ s  does not depend on s and, hence,  ˆˆ

2 pp  

corresponds to the completely polarized light. 

In conclusion, we have inspected the spectral 

plasmonic beam tensor (coherence matrix) treating the 

SPP field as consequently three-dimensional and two-

dimensional fields. In our opinion, the two-dimensional 

beam tensor for light localized at the metal-dielectric 

interface is beneficial, because the light beam tensor 

constructed of magnetic fields of non-coherent SPPs is 

basically two-dimensional. 
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