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Abstract—We study the properties of the photonic band structure 
(PBS) of infinite and binary Fibonacci superlattices (FS) containing 
metamaterial lossless layers. The transfer matrix method (TMM) and 
periodic boundary conditions are applied. The algebraic method of PBS 
calculations, based on the Bloch theorem, is described and used. The 
dispersion relations, for both type of light polarization, characterizing 
peculiarities of PBS are calculated numerically and presented. Fractal 
properties of a photonic band structure and the existence of so called 
zero- n gaps are established. 
 
 
The physical properties of low dimensional aperiodic 
(translationally ordered) systems have attracted 
significant attention in recent years [1,2]. In particular, the 
PBS and transmission of light through periodic and 
aperiodic multilayers have been studied extensively [1-22 
and references cited therein].  

The main task of this short note (part I) is twofold. We 
shall present: 1) the preliminary results concerning the 
photonic band structure of FS with metamaterial slabs and 
2) the algebraic method of PBS calculations. 

The studied system is an infinite periodic approximant 
of Fibonacci superlattice [15, 16, 18, 20]. The unit cell is 
composed of J isotropic and homogeneous layers with 
refractive indices nj determined by their relative 
permittivities εj, permeabilities μj and thicknesses dj, 
where the subscript j denotes jth layer. 

The considered binary superlattice consists of A 
(nondispersive, right handed material, RHM) and B 
(dispersive, left handed material, LHM) slabs, with 
permittivity, permeability, and thickness which can take 
one of two sets of values: μA, εA and dA, or μB, εB and dB. 
The order of a layer in the unit cell is defined by 
substitution rules: S0 = B, S1 = A, SL = SL-1•SL-2, where 
L = 2, 3, …, denotes the generation number and “•” 
means concatenation. 

In the framework of the transfer matrix method, the 
translational invariance, according to the Bloch theorem, 
imposes on amplitudes of the electric field vectors on 
borders of the unit cell (Ein

+, Eout
+, Ein

–, Eout
–) the 

following relation: 
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where Γ is the 2 × 2 characteristic unitary matrix 
(det Γ = 1), with elements depending on parameters of the 
structure, described above, and parameters of the 
electromagnetic wave: the free space wavelength λ, the 
polarization (s or p), and the incidence angle θ. The 
parameter γ is the Bloch factor, i.e. eigenvalue of Γ and 
γ = exp(−iqd), where q is the Bloch vector and d is the 
unit cell thickness (length of SL). Equation (1) is 
equivalent to: 
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where τ is the trace of Γ matrix and depends on all 
parameters defining FS and the electromagnetic wave. 

Solving (3) we obtain the fundamental equation that our 
algebraic method is based on 
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The proposed approach allows us to calculate PBS for 

superlattices containing: dispersive and nondispersive 
materials (in terms of permittivity and permeability), both 
right- and left- handed materials and periodic, aperiodic 
and random superlattices. 

The presented algebraic method can be used to find 
from equation (3) the normalized Bloch vector q in the 
first Brillouin zone, for the fixed frequency ω and the 
incidence angle θ. This allows us to get 3D plot of ω(q,θ) 
and dispersion relations: ω(q) for the fixed θ, ω(θ) for the 
fixed q, ω(k⊥) for the fixed q, where k⊥ = nω sin(θ)/c is 
the perpendicular component of the electromagnetic wave 
vector. 
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Below we present PBS for the model of Fibonacci 
superlattices with the following slab materials: 
A – the free space, 
B – the metamaterial with material dispersion [3,11]: 
 

 ( ) ( )
2 2
pe
2 2 2

pm

1 , 1 ,Fω ω
ε ω = − µ ω = −

ω ω − ω
 (5) 

 
where the following parameters are assumed: 
ωpe = 15.1 [1015 Hz], ωpm = 2.39 [1015 Hz], F = 0.98; 
which gives a negative value of both µ and ε in frequency 
range of (ωpm, ωmax), where ωmax = 15.069·1015 Hz 
corresponds to the free space wavelength 125 nm. Plots of 
ε(ω), µ(ω), n(ω) are depicted in Fig. 1. 

The layer thickness is dA = 125 nm, dB = 39.3 nm, 
respectively, which gives the quarter-wave layers at a 
wavelength of 500 nm. 

 
Fig. 1.  Material dispersion of B (LHM) slab, permittivity – red, 
permeability – green, refractive index – blue 
 

Figure 2 presents photonic the dispersion relation ω(q) 
for selected values of θ. Polarizations s and p are denoted 
with blue and red colors, respectively. Results for the 
periodic approximant of 4th generation of FS (ABAAB) are 
presented. 

Figure 3 shows PBS of FS for different number of 
generations. The black and light grey area corresponds to 
the band gap and pass band in ω(k⊥~ω sin(θ)/ωmax), 
respectively. Moreover, the right- and left-hand halves 
contain the results for s and p polarizations, respectively.  
We want to underline existence of zero- n  photonic band 
gaps [23], which positions in PBS depend on the 
thickness of layers and assumed material dispersion. For 
generations of FS presented in Fig. 3 these gaps are 
present in relatively wide ranges of incidence angle θ at 
the following frequency: 3.26·1015 Hz for 4th, 
3.16·1015 Hz for 5th, 3.20·1015 Hz for 6th, 3.18·1015 Hz for 
7th generation. 

 

 

 

 
Fig. 2. Photonic dispersion relation ω(q) for θ = 0º, 30º, 60º for periodic 
approximant of Fibonacci superlattice (4th generation) 
 

In summary, we presented the calculation method of a 
photonic band structure of infinite periodic and periodic 
approximants of translationally ordered aperiodic 
superlattices. This method is based on the transfer matrix 
method and the Bloch theorem and 
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a) L = 4, 

b)  
 L = 5 

  
c) L = 6, 

  
d) L = 7 

  
Fig. 3. Photonic band structure ω(k⊥) for Fibonacci superlattices, L is the 
generation number. 

reduces the solution to calculating τ and solving equation 
(3) by numerical algebraic methods. 

The novelty of our research consists in applying this 
approach to superlattices made of strongly dispersive 
lossless metamaterial slabs. 

The main results of this brief note are: 
1. We observed a fractalization phenomenon of the 

Fibonacci superlattice photonic pass bands. We treat 
fractalization as the process of increasing the number of 
pass bands with the growing generation number L. 
Counting pass bands in the range of 5·1015 Hz -
15·1015 Hz in Fig.4 one gets, for L = 4, the number of 
pass bands (K) equal to the Fibonacci number F4 = 5, 
and similarly for L = 5, K = F5 = 8, L = 6, K = F6 = 13, 
L = 7, K = F7 = 21. The described phenomenon can be 
seen in both polarizations, although it is easier for 
polarization p. 

2. Our calculations confirm the existence of zero- n  gaps 
in PBS of FS, which can be seen in Fig. 3 as the lowest 
(in frequency) band gaps. 

3. Increasing the incidence angle (cf. Fig. 2.) decreases 
the number of photonic dispersion branches ω(q) in the 
investigated range (ωpm, ωmax). The highest dispersion 
branches are moved beyond ωmax. 
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