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Numeric description of long distance propagation of temporal 
pulses  in nonlinear Kerr-like media 

Abstract — In the paper the propagation of temporal pulses through 
nonlinear Kerr and Kerr-like media is described numerically. The 
evolution of numerical solutions of the nonlinear Schrödinger equation 
significantly changing its shape is studied over the distance up to few 
thousands nonlinear lengths. The influence of two differentiation 
algorithms and three types of transparent boundary conditions on the 
accuracy of calculation is discussed. The optimal choice is proposed.  
 
 
In saturable Kerr-like media the slowly varying envelope 

 propagating along the z-axis satisfies a modified 
NSE, for cubic-quintic nonlinearity sometimes called 
Higher Order NSE or the Ginzburg-Landau equation 
[1-3]:  
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In the above equation εNL(|U|2) represent nonlinear 
permittivity as a function of local intensity. Without a 
nonlinear term this equation is a version of a parabolic 
partial differential equation describing the process of 
diffusion [4-5] – the only difference is an imaginary 
coefficient of diffusion. This difference follows the 
necessity to use complex field amplitude, but numerical 
methods of solving the equation (1) remain the same. An 
effective algorithm describing field U(z,t)  for z between 
z0 and zmax and t between tmin and tmax  should realize three 
main tasks: one – perform progress forward, that is 
calculate field distribution at successive planes z0+n Δz 
for sufficiently large n, two – numerically calculate 
second-order derivative ∂2U/∂t2  and three – ensure the 
proper behavior of a field at boundaries tmin and tmax. 

The simplest algorithm performing the first and second 
task is known as explicit or forward time centered space 
(FTCS) and is done by the following scheme [5-8]: 
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The left-hand expression approximates z-derivative ∂U/∂z  
at t=jΔt  while the quotient (Un

j+1–2Un
j+Un

j+1)/Δt2 - the 
second order time derivative at the plane z=z0+nΔz. Since 
the field Uj

n+1 at the plane z=z0+(n+1)Δz calculated by 

means of the above scheme exhibits quite serious errors, 
one can use more complicated schemes – fully implicit or 
the Crank-Nicholson. In algorithms based on these 
schemes we can apply larger step Δz, but because of 
nonlinearity at each plane z=const we should solve a large 
set of coupled nonlinear equations [5, 7]. The number of 
additional operations is very large, so these algorithms are 
much slower than an algorithm based on an explicit 
scheme.  
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The stability of the FTCS scheme can be determined 
using the von Neumann analysis [5, 7]. Assuming 
Un

j=(1+iΔξ)neijΔk  for n→∞  we obtain the condition for 
convergence: 
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But even if the FTCS scheme is convergent, its error at 
each step is of order (Δz)2. To effectively apply this 
scheme at large distances we should take quite a small Δz. 
However, a much better solution is to adopt the Runge-
Kutta 4-th order method in which:  
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where ΔUj
n,1,..ΔUj

n,4 are four successive field changes 
calculated using specific rules [4, 5, 8]. The Runge-Kutta 
method has errors of the order (Δz)4, so the accuracy of 
calculated values of the field is much better. Applying 
this method we take into account the values of a field at 
three additional planes, so the RK method realizes the 
same aim as the implicit or Crank-Nicholson schemes 
using much less calculation. In practice including the 
Runge-Kutta method into an FTCS scheme we can apply 
even larger Δz than those allowed by condition (3). 

As an example let us consider the propagation of a 
second-order soliton of the initial width 50 fs and initial 
amplitude 100/3 kV/mm. Its field can be described 
analytically [3], so the accuracy of a numeric algorithm 
can be checked directly. The distance of propagation 
covers about 14 periods of oscillations (about 90 
nonlinear lengths [1]), while the central height |U(0,z)| 
varies between 33.3 and 100 kV/mm. Figure 1 shows the 
difference between a numerical and analytical solution of 
Eq. 1 at the point t0=1000 fs. First, comparing the pink 
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and blue line we can observe that errors diminish with 
diminishing Δt. As a matter of fact, the blue line 
represents three coinciding lines obtained for three cases 
of convergence coefficient η = 0.25, 0.5 and 0.667. The 
relative difference between these cases is very small – 
less than 10-8. Therefore one can conclude that we can 
apply as large Δz as possible – provided only the 
numerical procedure is convergent. 

 
Fig.1. Errors of calculation at t0=1000 fs as a function of the 
distance of propagation.  

To improve the accuracy of determination of a time 
derivative one can use a 5-point algorithm:  
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instead of a 3-point algorithm used in (2). To check the 
stability of this algorithm we apply again the von 
Neumann stability criterion. Introducing the 
corresponding values approximating fields into (5) and 
replacing the 3-point difference ratio in (2) by the 
obtained one, we derive the condition:  
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Thus we proved that a 5-point algorithm exhibits a bit 
smaller convergence than a 3-point one, but nevertheless 
in many cases it is more precise. The red line in Fig. 1 
shows the difference between the numerical and 
analytical solution of this algorithm. Comparing it with a 
3-point algorithm of differentiation (the blue line) we can 
conclude that for the considered case a 5-point algorithm 
is much better. 

Unfortunately, it is not the general rule concerning all 
cases. In Fig. 2 we compare the numerical description of 
propagation of – sequence of two Sech pulses of 50 fs 
wide with the initial distance of 300 fs. Each of the single 
pulse is soliton, but because of their interaction pulses 
attract. As a result pulses periodically oscillate changing 
their distance from 0 to 300 fs – period of these 
oscillations is 78.2 m. Since there is no analytical 
description of pulse propagation, as a measure of 
accuracy of TBC we take the difference between the 
values of a field at a certain point while the distance from 

boundary tmax is changed. a 3-point algorithm of 
differentiation (2) gives very close results (all of them are 
given by the pink line) for any width of a calculation 
window while the results obtained by a 5-point algorithm 
vary much more. In this case a 3-point algorithm is more 
reliable. 

 
Fig.2. 3-point algorithm of differentiation. Field amplitude at 
t0=1000 fs as a function of the distance of propagation 

The third factor influencing calculations and being the 
source of major errors for large distance propagation are 
proper boundary conditions. There are a few ways to 
formulate them. Introducing an artificial absorbing layer 
at both boundaries (Perfectly Matched Layer [8,9]) we 
can suppress the field beyond the boundaries tmax and tmin. 
Another method includes energy conservation law [10, 
11]. In fact, to apply effectively scheme (2) we need only 
one (or two - for a 5-point algorithm of differentiation 
(5)) value of the field beyond the boundaries. To obtain 
these values we use Transparent Boundary Conditions 
(TBCs). It is a method of analytic continuation of the 
field [9,11]. TBCs are much quicker than other methods 
and for a smart algorithm of extrapolation TBCs produce 
very good results. 

Their simplest formulation uses M+1 field values [9]: 
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But for propagation over long distance this simple version 
of TBCs results in quite serious errors. Much better 
results are obtained by continuation of the modulus and 
the phase of a field instead of its real and imaginary part. 
This is because modulus |U| and phase Arg(U) change 
slower than ReU and ImU in the vicinity of boundaries so 
extrapolation of a modulus and a phase is more precise. In 
order to diminish problems appearing because of a very 
small value of the modulus or periodicity of trigonometric 
functions let us apply the following rule for analytic 
continuation:  
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In the first line of the above formula q can be arbitrary. 
But in order to succeed in extrapolation of small fields we 
should apply 0.2<q<0.6. The second line expresses the 
rule for extrapolation of a difference of phases 
ΔU=U(z,t+Δt)–U(t) between two adjacent points. Using 
the phase difference we practically avoid the problems of 
ambiguity of inverse trigonometric functions. The number 
of point Mm and Mf used for extrapolation can be 
different. In practice, using q=0.5 and Mm,Mf=2-4 we can 
obtain errors even 100 times smaller than those resulting 
from the extrapolation of ReU and ImU. 
 But in many cases one can obtain even better results by 
extrapolating the quotients of complex field amplitudes at 
two adjacent points U(z,t)/U(z,t-Δt): 
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For small Δt the quotient Uj
n/Uj-1

n=U(z,t)/U(z,t-Δt) equals 
1+(∂lnU(z,t)/∂t)Δt, so rule (9) is a method of analytic 
continuation of a time derivative ∂U(z,t)/∂t  and that is 
why it is so effective. In Fig. 3 we compare two TBC 
methods defined by relations (8) and (9) for a 3-point 
algorithm of differentiation and the same initial pulse as 
in Fig. 2. As we can see, the difference between the 
results obtained for two calculation window widths is 
about twice smaller when we use boundary conditions (9) 
(for boundary conditions (7) the analogous results differ 
100 times more, so practically they are not suitable for 
propagation over large distances). But TBCs in the form 
(9) fail when field value |Uj

m| appearing in the 
denominator of any of the right-hand fraction is too small 
– in such cases TBCs of the form (8) are better. 

 
Fig. 3. Influence of Transparent Boundary Conditions on results: 
differences between fields at t0=1 ps for window width 2tmax =3, 4.5 
and 9 ps. 

At last let us apply 3-point algorithm with TBC given 
by (9) to describe propagation over a distance much 
greater. In Fig. 4 we see the central amplitude of an 
oscillating two-soliton pulse over the distance between 
4500 and 5000 m for jmax=1000, Δt=1 fs and Δz=4/3 mm 
(η=2/3). However, there are no distinguishable 
differences in the shape of oscillation (the solid line 

shows an imposed curve from the very beginning of 
propagation), the total intensity of the pulse diminished 
by 0.01%, the minimum field height decreased by 0.2% 
(compared to the amplitude of oscillation), the maximum 
field height decreased by 0.4% while the oscillation 
period decreased by 0.06%. Despite these changes, the 
applied algorithm of TBCs and a 3-point algorithm of 
differentiation yield quite reliable results. 

 
Fig. 4. Calculated values of a field at the distance from 4500 m to 
5000m (dots) and a shifted plot of oscillations at the beginning 
(solid line) 

The explicit scheme of the solution of NSE combined 
with the Runge-Kutta method is quite effective in the 
description of light propagation over a long distance. Two 
different transparent boundary conditions applied to this 
scheme yield very good results – modified extrapolation 
of amplitude and phase (8) and extrapolation of complex 
quotients of field (9). However, the last one is more 
accurate and the first one - more stable. There is no need 
to improve a 3-point algorithm of differentiation – a 5-
point algorithm is much stronger influenced by boundary 
conditions.  

 
References 
[1] G. P. Agraval, Nonlinear Fiber Optics, (San Diego, Academic 

Press, 2001) 
[2] Y. Kodama, A. Hasegawa, Progress in Optics XXX, 205 (1992) 
[3] A. Hasegawa, Optical Solitons in Fibers, (Berlin, Springer-Verlag, 

1989) 
[4] D.J. Kouri, D.S Zhang, G.W. Wei, T. Konshak, D.K. Hoffman, 

Phys. Rev. E 59, 1274 (1999) 
[5] W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, 

Numerical Recipes. The Art of Scientific Computing, (Cambridge, 
Cambridge Univ. Press, 2007) 

[6] G. Sewell, The Numerical Solution of Ordinary and Partial 
Differential Equations, (Hoboken, John Wiley & Sons, 2005)  

[7] J.D. Hoffman, Numerical Methods for Engineers and Scientists, 
(New York, Marcel Dekker, Inc, 2001) 

[8] J. P. Berenger, J. Comp. Phys. 114, 185, (1994) 
[9] C. Vassallo, J.M. van der Keur, J. Light. Techn. 15, 1958, (1997) 
[10] K. W. Morton, D. Mayers, Numerical Solution of Partial 

Differential Equations, (Cambridge, Cambridge Univ. Press 2002) 
[11] G.R. Hadley, IEEE J. Quant. Electron., 28, 363, (1992) 

http://www.photonics.pl/PLP © 2009 Photonics Society of Poland 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


