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Abstract—In this paper, we analytically investigated the possibility 

of parametric resonance of acoustic and optical phonons. We obtained a 

general dispersion equation for parametric amplification and 

transformation of phonons. The dispersions of resonant acoustic phonon 
modes and threshold amplitude of the field are obtained for acoustic 

phonon parametric amplification. The parametric amplification for 

acoustic phonons in a GaAs/GaAsAl quantum well can occur under the 
condition that the amplitude of an external electromagnetic field is 

higher than threshold amplitude.  
 

 

 

Resonance effects, in general, and parametric 

resonance are important processes in physics research. 

There are many resonance processes that we try to 

strengthen due to their beneficial effects but there are also 

processes that people try to limit or eliminate. The study 

of parametric resonance and parameter enhancement in 

low-dimensional systems is expected to provide a broad 

base for many applications in modern physics and 

engineering, especially in low-dimensional materials 

engineering, microelectronics technology, information 

technology [1÷2]. 

The resonance of phonon parameters and optical 

phonons in conventional semiconductor semiconductors 

in the presence of electrons has been studied in recent 

years [3÷5]. In this paper, we study the parametric 

resonance between acoustic phonons in a GaAs/GaAsAl 

quantum well (QW) [6] in the case of degenerate electron 

gas, from which we find the dispersion resonance 

frequency and amplitude condition of a laser field for this 

resonance. 

We use a simple model for a QW, in which a two-

dimensional electron gas is confined by the infinite 

potential U(z) of a square well along the z direction and 

electrons are free on the x‒y plane. Suppose the 

electromagnetic wave propagates along the axis of the Oz 

axis of a square well, the vector of electric field strength 

of an electromagnetic wave takes the form 

( )0 sinE E t= 
r r

, 0

r
E  direction perpendicular to the axis 

Oz. The electron energy is quantized and each state of the 

electron is characterized by the quantization index n and 
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the wave vector ⊥

r
k  directed perpendicularly to the axis 

Oz. Hamiltonian of the electron-phonon system when a 

laser field is present [7]: 

                    0
ˆ ˆ ˆ ˆ( ) ( ) ,e ac e opH t H t H H− −= + +                   (1) 

where 0
ˆ ( )H t  is the Hamiltonian of the electron-phonon 

system that does not interact with the laser field: 

0
ˆ ( ) ( ) ,n n n q q q q q q

n q q

e
H t k A t a a b b c c

c

+ + +

⊥

 
= − + + 

 
  r r r r r r

r r

r r
h h

h
     (2) 

where ,⊥=
r

n k n  is the electron state corresponding to 

the wave vector ⊥

r
k ; ,n na a+  are the creation and 

annihilation operators of electron in the n  state; ,+r r
q qb b  

and ,q qc c+
r r  are the creation and annihilation operators of 

acoustic phonon and optical phonon with wave vector 
r
q ; 

ω ,q q
r r  are the frequency of acoustic phonon and optical 

phonon; c is the speed of light in a vacuum; 
n  is the 

energy spectrum of electrons in the QW, in the form [6]: 

( )
2 2 2 2 2 22 2

2 2

02
,

2 2 22
n n

e e ee

k k k
k n n

m m mm L

⊥ ⊥ ⊥

⊥ = + = + = +

r r r
r h h hh 

            (3) 

where n = 0,1,2… and 
2 2

0 22
=

h

em L


 , L is the well width, 

me is the effective mass of the electron; ( )
r
A t  is the vector 

potential associated with the electric field intensity vector 

of the laser field: 

( ) 0

0 0cos , .
cE

A A t A=  =


r r
                     (4) 

The Hamiltonian interaction between electron-phonon 

ˆ ˆ,− −e ac e opH H  given by:  

( ) ( ), ' '

, '

ˆ
e ac n n n n q q

q n n

H G q a a b b+ +

− −= + r r

r

r
                (5) 

( ) ( ), ' '

, '

ˆ .e op n n n n q q

q n n

H D q a a c c+ +

− −= + r r

r

r
            (6) 
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The electron-phonon interaction coefficients ( )'

r
n nG q , 

( )'

r
n nD q have form [7]: 

( ) ( ) ( ) ( ), ' ' , ' ',n n q nn z n n q nn zG q G M q D q D M q= =r r
r r

       (7) 

with       
2

2

2
q

a

q
G

v V
=r

h 


 , 

2
2

2

0

1 1
,
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q

q

e
D

Vq 

 
= − 
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r

r

h 

 

( )'

0

2 '
sin sin exp

    
=    

   

L

nn z

n z n z
M iq z dz

L L L
, where , , ,aV v  , 

0 ,    are the volume, the density, the acoustic velocity 

and the deformation potential constant, the static and 

high-frequency dielectric constants, respectively. 

To establish a set of quantum transport equations for 

acoustic and optical phonons [6] we look for quantum 

dynamic equations for r
q t

b : 
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(8) 

here ( )sJ   is the Bessel function, ( )⊥

r

nf k  is the 

distribution function of the electron in n  state. From Eq. 

(8) we can obtain an equation for the Fourier 

transformation ( )r
qB   and r

q t
b : 
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Similarly for ( )r
qC   we also have:  
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where ( ) ( ) ( ) ( ), ;+=  +  r
l l

r
s s q

s

P q J J s      

Rewriting Eqs. (9)÷(10), we obtain a general dispersion 

equation for parametric resonance: 
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The dispersion equation, Eq. (11), is general and can be 

used for degenerate and non-degenerate electronic gases, 

for receivers of one or more photons. 

 

To pretend that the dispersion equation, Eq. (11) is very 

complex, we consider, here, only the first parameter 

resonance case  = r r
q q   and ( ) ( )

2 2

, ' , ' 1
r r

n n n nG q D q , 

the spectrum of an acoustic phonon and an optical phonon 

is written in the form ( ) ;= +
r

ac a aq i   ( ) .op o oq i= +
r

    

For an acoustic phonon, we have:  
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For an optical phonon, we have: 
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We examine dependence on  and q near the intersection 

( )0 0,q  according to the electronic interaction constant, 

and the phonon is [7]: 

( ) ( ) ( ) ( )
2 2

0 0 0 0

1
( ) ( )

2





 
= +   − +   − −      

ma a a a av v q i v v q i       (14) 

where 0( )av v  is the group velocity of acoustic phonon 

(optical phonon); a  is the acoustic phonon frequency re-

normalized due to electron-phonon interaction; 

0( ) = −q q q is the intersection distance of the dispersion 

line; ( ) q q  and ( ) ( ) ( ), ' , '2
, '

2
, =  r

r r r

h
n n n n N q

n n

G q D q P q   . 

The condition for an increase in acoustic phonon 

parameters is that the imaginary parts of 


  must be 

positive, ie: 

( ) ( )( )2 2

0 0

1
Im 0

2

−

+ = − + + − +  a a        (15) 

When thermal energy kBT is much smaller than Fermi 

energy, the electronic gas degrades. The condition of the 

electromagnetic field amplitude is an increase in the 

acoustic phonon: 
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where ( )
2

2

' ' ;
2

= − − − =
h

hnn n n

e

q
m

        . 

In order to clarify the mechanism for parametric 

acoustic-phonon amplification, we calculate the threshold 

amplitude for the parametric amplification of acoustic 

phonons in a GaAs/GaAlAs QW. The parameters used in 

the calculation are as follows [8]: ξ = 13.5 eV, ρ = 5.32 

gcm−3, va = 5370 ms−1, 0 12.9, 10.9= =  , d = 100 A0, 
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εF = 0.05 eV, me = 0.066 m0, m0 being the mass of a free 

electron, and the optical phonon energy 36.25 meV =h . 

 
Fig. 1. Dependence on the wave number q of the threshold amplitude of 

the Eth field. 

In Figure 1, we see around q = 2.45.108 m-1 with the 

region at which the threshold amplitude value is negative. 

This is due to the fact that in the parametric resonance 

condition there is an increase in acoustic phonons, 

accompanied by the process of annihilating acoustic 

phonons. It means the transmission of acoustic phonons 

energy to optical phonons and vice versa has the effect of 

an external laser field. The process of canceling an 

acoustic phonon should occur, so there is no need to 

supply the energy of an external field.  
 

  
Fig. 2. Dependence on the wave number q of the threshold amplitude of 

the Eth field with different values of external field frequency. 

Figure 2 shows that the threshold amplitude of the field is 

higher when we increase external field frequency. 

 
Fig. 3. Dependence on the external field frequency of threshold 

amplitude of the Eth field. 

In Figure 3 with wave q = 2×108 m-1, we see that as the 

frequency of the laser field increases, the threshold 

amplitude also increases. We continue to examine the 

threshold field number in terms of number waves. 

 

 
Fig 4. Dependence on the external field frequency of the threshold 

amplitude of the Eth field with different values of the waves number. 

According to Figure 4, we see that with the same laser 

field frequency value, the threshold amplitude value 

increases sharply with smaller wave q numbers. For a 

laser source with a defined frequency, in order to have 

parameter resonance, we must select a laser source whose 

amplitude is greater than the threshold amplitude value. 

In this paper, we analytically investigated the possibility 

of parametric resonance of acoustic and optical phonons 

in a QW. We obtained a general dispersion equation for 

parametric amplification and transformation of phonons 

and the threshold amplitude of the field for acoustic 

phonon parametric amplification. The parametric 

amplification for acoustic phonons in a QW could occur 

under the condition that the amplitude of an external 

electromagnetic field is higher than the threshold 

amplitude.  
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